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Abstract

On the basis of the results derived from pseudopotential method and ensemble theory, thermal stability of a weakly interacting Fermi
gas in a weak magnetic field is studied by using analytical method of thermodynamics. The exact analytical expressions of stability con-
ditions at different temperatures are given, and the effects of interactions as well as magnetic field on the stability of the system are dis-
cussed. It is shown that there is an upper-limit magnetic field for the stability of the system at low temperatures, and there is an attractive
dividing value at high temperatures. If attractive interaction is lower than the critical value, the stability of the system has no request for
magnetic field, but if attractive interaction is higher than the dividing value, a lower-limit magnetic field exists for the stability of the
system.
� 2008 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in
China Press. All rights reserved.
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1. Introduction

In the recent years, many research results have been
obtained for the investigation of the thermodynamic
properties of interacting system [1–9] and of the stability
of interacting system. For example, the studies in Refs.
[10–13] show that interparticle interactions can make the
condensate of Bose gas disintegrate and collapse; Modugno
[14] found that degenerate Fermi gas may collapse
under certain conditions; Yuan [15,16] investigated the
stabilization of weakly interacting Bose and Fermi gases
from the point of view of thermodynamics, and gave the
particle number density conditions of instability of the
system. However, theoretical and experimental studies
on stability of Fermi system are still in the initial stages.

Therefore, it is very important to investigate the effects of
interactions on stability of the system under different condi-
tions, and to give the exact conditions of stability for
discussing physical properties of Fermi system.

It is well known that thermodynamics stability should
involve mechanical stability and thermal stability for a
thermal-equilibrium system contacted with a heat source
at constant temperature and pressure. Men et al. [17] stud-
ied the mechanical stability of a weakly interacting Fermi
gas in a weak magnetic field, but the thermal stability of
the system was not considered. In this study, based on
the heat capacity results derived from pseudopotential
method and ensemble theory, the thermal stability condi-
tions of a weakly interacting Fermi gas in a weak magnetic
field are studied, the analytical expressions of thermal
stability conditions at different temperatures are given,
and the effects of magnetic field and interactions on ther-
mal stability of the system are analyzed. The upper-limit
magnetic field for the thermal stability of the system at
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low temperatures, the attractive critical value and the
lower-limit magnetic field for the thermal stability of the
system at high temperatures are also given.

2. Thermal stability conditions at different temperatures

We consider a weakly interacting system of spin-1/2 fer-
mions, with volume V and particle number N, in a weak
magnetic field B = Bz. According to the pseudopotential
method and ensemble theory, if only spin motion is consid-
ered, the heat capacity of system at different temperatures
can be written as [18]
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where Cv is the heat capacity, k is the Boltzmann constant,
TF is the Fermi temperature, eF is the Fermi energy, n is the
density of particle number, T is the temperature of the sys-
tem, l is the Bohr magneton, a = ah2/(pm) is the parameter
of interactions, |a| is the s-wave scattering length, h is the
Plank constant, and m is the mass of single fermion.

When the system stays in thermodynamic equilibrium
and maintains the thermal stability, it should satisfy the
condition that (oT/oS)v = T/Cv > 0, and Cv > 0 at T > 0,
where S is the entropy of the system. From these, we can
get the thermal stability conditions at different tempera-
tures by the following calculation:
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Under the condition of T < TF, the stability condition of
the system expression (5) also includes the case of T ? 0.

3. Results and discussion

3.1. The case of T < TF

It can be known from (5) that, under the condition of
low temperatures (T < TF), if the system is stable, the exter-
nal magnetic field should be less than B0, which is the
upper-limit value of the magnetic field to keep the system
stable. If the repulsive interactions between particles go
strong, the upper-limit magnetic field will become weak.
Here, the magnetic field needed to keep the system stable
will be still lower, and the range of magnetic fields fulfilling
stability condition of the system will become narrower. If
the attractive interactions between particles go strong, the
upper-limit magnetic field will become strong, and the
range of magnetic fields fulfilling stability condition of
the system will become wide. This means that the condition
of magnetic field can be easily achieved. From (5), we can
obtain (6), which represents the required condition of inter-
actions for the stability of the system when the magnetic
field maintains a certain value. Obviously, a0 > 0 under
the condition of a weak magnetic field. The expression
(6) is valid naturally for the attractive interactions. Then,
the system will be kept stable. However, as to the repulsive
interactions, the condition of a < a0 must be satisfied in
order to make the system stable. Thus, a0 is the upper-limit
value of repulsive interactions for the stability of the
system.

3.2. The case of T� TF

Under the condition of weak interactions, |a|n/eF < 1,
and so when T� TF, |a|n/(2kT)� 1. Namely, whether
the interactions are attractive or repulsive, and no matter
how strong the magnetic field is, the stability condition
expression (7) can be satisfied, and the system can be kept
stable.

3.3. The case of T > TF

When T > TF, the stability condition expression (8) can
be expressed as follows:
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The numerator of the right hand side of (9) is negative
because nk3 < 1. If the denominator of it is positive, the
stability condition expression (9) can be satisfied for any
magnetic field. When the denominator of (9) is positive,
the relation
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is required.
When a > 0, i.e. the interparticle interactions are repul-

sive, the expression (10) can be satisfied naturally, and
then, the stability condition of the system has no concrete
requirement for magnetic field. When a < 0, i.e. the inter-
particle interactions are attractive, the expression (10) can
be expressed as
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That is to say, when the parameter of attractive interac-
tions |a| is weaker than |a|0, the system will be always stable,
no matter what value the magnetic field is.

If the denominator of the right hand side of expression
(9) is negative, then it can be expressed as
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where B0 is the lower-limit magnetic field for the stability of
the system, i.e. the value of magnetic field must be larger
than B0 in order to keep the system stable. If the denomi-
nator of the right hand side of expression (9) is negative,
the following expression should be satisfied:
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It can be obviously found that, when a > 0, the repulsive
interactions make expression (13) invalid, and when a < 0,
the attractive interactions may make expression (13) valid,
then expression (13) can be expressed as
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That is to say, under the condition |a| > |a|0 of attractive
interaction, a lower-limit magnetic field B0 exists for the
stability of the system. Here, the magnetic field must be
stronger than the lower-limit magnetic field B0 in order
to keep the system stable. So, we can see that |a|0 is the
dividing value of the attractive interaction, and the require-
ment of the stability for the magnetic field is determined by
comparing the values of |a| and |a|0 of the attractive inter-
actions. It can be also seen that this dividing value is related
to the states (the temperature and the density of the particle
number) of the system. Namely, the higher the temperature
is, the larger the dividing value will be, and the bigger the
density of particle number is, the smaller the dividing value
will be.

3.4. The essence of the effects of interactions as well as

magnetic field on the stability of the system

It can be known from statistic physics that if stability
conditions cannot be satisfied, the homogeneous system
will not stay at the stable equilibrium state, but will abso-
lutely change its structure, i.e. it will change from the
homogeneous system to the inhomogeneous one. The
course of separation is phase transition. Therefore, the sub-
stance of the effects of magnetic field and interparticle
interactions on the stability of the system are the effects
of the two factors on the characteristics of the phase tran-
sition of it.

4. Conclusions

We have studied the thermal stability of a weakly
interacting Fermi gas in a weak magnetic field in this
study, and the exact analytical expressions of stability
conditions at different temperatures have been proposed.
We found that there is an upper-limit magnetic field for
the stability of the system at the whole region of low
temperatures (T < TF, including T ? 0), i.e. the magnetic
field must be weaker than the upper-limit magnetic field
in order to keep the system stable. As for a certain weak
magnetic field, if the interactions are repulsive, the condi-
tion of a < a0 must be satisfied for the stability of the
system. At high temperatures (T > TF), there is a divid-
ing value |a|0 of attractive interactions. No matter how
strong the magnetic field is, the system is stable for the
case of repulsive interactions or for the case of the
attractive parameter |a| < |a|0. If the attractive parameter
satisfies |a| > |a|0, there is a lower-limit magnetic field
for the stability of the system, i.e. the magnetic field
must be stronger than the lower-limit magnetic field in
order to keep the system stable. However, under the con-
dition of very high temperatures (T� TF), the system is
always stable.
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